The aim of this paper is to establish some fixed point theorems for set-valued mappings in the context of b-metric spaces. The proposed theorems expand and generalize several well-known comparable results in the literature. An example is also given to support our main result. MSC: 46S40; 47H10; 54H25
Introduction and preliminaries
The notion of metric space, introduced by Fréchet in , is one of the cornerstones of not only mathematics but also several quantitative sciences. Due to its importance and application potential, this notion has been extended, improved and generalized in many different ways. An incomplete list of the results of such an attempt is the following: quasimetric space, symmetric space, partial metric space, cone metric space, G-metric space, probabilistic metric space, fuzzy metric space and so on.
In this paper, we pay attention to the concept of b-metric space. The notion of b-metric space was introduced by Czerwik [] in  to extend the notion of metric space. In this interesting paper, Czerwik Definition  Let X be any nonempty set. An element x in X is said to be a fixed point of a multi-valued mapping T : X →  X if x ∈ Tx, where  X denotes the collection of all nonempty subsets of X.
Let (X, d) be a metric space. Let CB(X) be the collection of all nonempty, closed and bounded subsets of X. In the sequel, we use the following notations: Definition  Let X be a nonempty set X and s ≥  be a given real number. A function
Note that a (usual) metric space is evidently a b-metric space. However, Czerwik [, ] showed that a b-metric on X need not be a metric on X (see also [, , ]). The following example shows that a b-metric on X need not be a metric on X. 
Remark  Let (X, d) be a b-metric space and A be a nonempty set in (X, d) and x ∈ A, then we have 
where
Then F has a fixed point in X, that is, there exists u
The following preliminary lemma will play a crucial role in the sequel.
Lemma  [] Let (X, d) be a complete b-metric space and let {x
n } be a sequence in X such that d(x n+ , x n+ ) ≤ βd(x n , x n+ ) for all n = , , , . . . , where  ≤ β < . Then {x n } is a Cauchy sequence in X provided that sβ < .
Main results
In this section we state and prove our main results. Inspired the results of Aydi et al.
[], we establish a Kikkawa and Suzuki type fixed point theorem in the framework of b-metric spaces as follows.
Theorem  Let (X, d) be a complete b-metric space and let F : X → CB(X) be a multivalued mapping. Then, for s ≥ , define a strictly decreasing function
for all x, y ∈ X. Then there exists u ∈ X such that u ∈ Fu.
Proof If d(x, y) = , then by (.) we deduce that x = y is a fixed point of F. Hence the proof is completed. Thus, throughout the proof, we assume that d(x, y) >  for all x, y ∈ X. Take
Due to the assumption r <  s  +s , we conclude that α >  and  < β < . Let x  ∈ X be arbitrary and x  ∈ Fx  . Owing to (.), we have
which yields that
By Lemma , there exists x  ∈ Fx  . Now, by using the previous inequality, we obtain
where β = r + α. On the other hand, we have
Thus, we derive that
by condition (.). Employing Lemma  again, there exists x  ∈ Fx  such that
Continuing in this way, we can construct a sequence {x n } in X such that x n+ ∈ Fx n and , one can easily obtain that sβ < . Taking Lemma  into account, we conclude that the sequence {x n } is a Cauchy sequence in (X, d) . Since the b-metric space (X, d) is complete, there exists u ∈ X such that lim n→+∞ d(x n , u) = . Due to fact that β < , we can easily observe that
by using inequality (.). Notice that the condition (bms  ) yields
Consequently, we have In what follows, we shall show that
for all n ∈ N with n ≥ n  . Then we have
and hence by assumption (.) we get H(Fx n , Fx) ≤ rd(x n , x). Further, we have
Letting n → +∞ in the inequality above, we obtain
for all x ∈ X\{u}. Next, we prove that
for all x ∈ X with x = u. For all n ∈ N, we choose v n ∈ Fx such that
Then, using (.) and the previous inequality, we get Hence, for all n ∈ N, we obtain σ (r)d(x, Fx) ≤ sd(x, u). So, we have
H(Fx, Fu) ≤ rd(x, u).
Finally, if for some n ∈ N we have x n = x n+ , then x n is a fixed point of F. Consequently, throughout the proof we assume that x n = x n+ for all n ∈ N. This implies that there exists an infinite subset J of N such that x n = u for all n ∈ J. By Lemma , we have
Letting n → +∞ in the inequality above, with n ∈ J, we find that
By Remark , we deduce that u ∈ Fu and hence u is a fixed point of F. 
Remark 
for all x, y ∈ X, then F has a fixed point. http://www.journalofinequalitiesandapplications.com/content/2014/1/126
Proof Let x  ∈ X be arbitrary and x  ∈ Fx  , then we have
By condition (.) we get
), then by Lemma  there exists x  ∈ Fx  such that
Due to assumption (.), we get
Taking Lemma  into account, we conclude that there exists x  ∈ Fx  such that
Consequently, we have
Continuing in a similar way, we can obtain a sequence {x n } of successive approximations for F, starting from x  , satisfying the following:
(a) x n+ ∈ Fx n for all n ∈ N;
where k = h(a+b) -hc < . Now, following the lines in the proof of Theorem , we deduce that the sequence {x n } converges to some u ∈ X with respect to the metric d, that is, lim n→+∞ d(x n , u) = . http://www.journalofinequalitiesandapplications.com/content/2014/1/126
For this purpose, we first claim that
for each n ≥ n  . Then we have
which implies that
for all n ≥ n  . Thus we have
for all n ≥ n  . Letting n → +∞, we get
for all x ∈ X\{u}. Next, we show that
for all x ∈ X with x = u. Now, for all n ∈ N, there exists y n ∈ Fx such that On the other hand, we have
for all n ∈ N. Letting n → +∞ in the inequality above, we derive that
.
for all x ∈ X \ {u}. Finally, if for some n ∈ N we have x n = x n+ , then x n is a fixed point of F. Assume that x n = x n+ for all n ∈ N. Thus, there exists an infinite subset J of N such that x n = u for all n ∈ J. Now, for all n ∈ J, we have
Letting n → +∞ with n ∈ J, we get
Remark 

